On Dixmier's fourth problem by Ooms, Alfons I.
ar
X
iv
:1
91
1.
13
23
4v
1 
 [m
ath
.R
T]
  2
7 N
ov
 20
19
On Dixmier’s fourth problem
Alfons I. Ooms
Mathematics Department, Hasselt University, Agoralaan, Campus Diepenbeek,
3590 Diepenbeek, Belgium
E-mail address: alfons.ooms@uhasselt.be
Key words: Dixmier’s fourth problem, Poisson semi-center, biparabolic subalge-
bras.
MSC: 17B35.
Abstract.
Let g be a finite dimensional Lie algebra over an algebraically closed field k of char-
acteristic zero. Denote by U(g) its enveloping algebra with quotient division ring
D(g). In 1974, at the end of his book “Alge`bres enveloppantes”, Jacques Dixmier
listed 40 open problems, of which the fourth one asked if the center Z(D(g)) is
always a purely transcendental extension of k. We show this is the case if g is alge-
braic whose Poisson semi-center Sy(g) is a polynomial algebra over k. This can be
applied to many biparabolic (seaweed) subalgebras of semi-simple Lie algebras.
We also provide a survey of Lie algebras for which Dixmier’s problem is known to
have a positive answer. This includes all Lie algebras of dimension at most 8. We
prove this is also true for all 9-dimensional algebraic Lie algebras. Finally, we im-
prove the statement of Theorem 53 of [45].
1. Introduction
Let g be a Lie algebra over an algebraically closed field k of characteristic zero,
with basis x1, . . . , xn. Let U(g) be its enveloping algebra with center Z(U(g)) and
semi-center Sz(U(g)), i.e. the subalgebra of U(g) generated by the semi-invariants
of U(g). Denote by D(g) the quotient division ring of U(g) with center Z(D(g)). In
this paper we address the following problem:
Is Z(D(g)) always rational over k ? (Dixmier’s fourth problem [13, p.354]).
This is true for a wide range of Lie algebras and we are not aware of the existence
of a counterexample. See Section 2.
In order to simplify things we consider the symmetric algebra S(g) which we identify
with the polynomial algebra k[x1, . . . , xn]. This allows us to use MAPLE for the less
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trivial calculations.
We equip S(g) with its natural Poisson structure. Its Poisson center Y (g) coincides
with the algebra S(g)g of invariants. By a celebrated result of Michel Duflo [15], [16],
[17] there exists an algebra isomorphism between Z(U(g)) and Y (g). Rentschler and
Vergne [50] later extended this to an algebra isomorphism between Sz(U(g)) and the
semi-center Sz(S(g)), which is usually denoted by Sy(g). Furthermore, Z(D(g)) is
isomorphic with R(g)g, the subfield of invariants of R(g), where R(g) is the quotient
field of S(g). Therefore Dixmier’s problem is equivalent with:
Is R(g)g always rational over k ?
We now collect some results in order to make this paper as self-contained as possible.
The insiders may very well skip this part. For more information see [45].
1.1 i(g), the index of g
For each ξ ∈ g∗ we consider its stabilizer
g(ξ) = {x ∈ g | ξ([x, y]) = 0 for all y ∈ g}
The minimal value of dim g(ξ) is called the index of g and is denoted by i(g) [13,
1.11.6; 52, 19.7.3]. Put c(g) = (dim g+ i(g))/2. This integer is sometimes called the
magic number of g. An element ξ ∈ g∗ is called regular if dim g(ξ) = i(g). The set
g∗reg of all regular elements of g
∗ is an open dense subset of g∗.
We recall from [13, 1.14.13] that
i(g) = dim g− rankR(g)([xi, xj])
In particular, dim g− i(g) is an even number.
Theorem 1.1
trdegkR(g)
g = trdegkZ(D(g)) ≤ i(g)
Moreover, equality occurs if one of the following conditions is satisfied:
(1) g is algebraic [38, 39; 50 p.401]
(2) g has no proper semi-invariants in S(g) (or equivalently in U(g)) [47, Propo-
sition 4.1].
1.2 Commutative polarizations of g
Suppose g admits a commutative Lie subalgebra h such that dim h = c(g), i.e. h is
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a commutative polarization (notation: CP) with respect to any ξ ∈ g∗reg [13, 1.12].
These CP’s occur frequently in the nilpotent case [43],[44]. If in addition h is an
ideal of g then we call h a CP-ideal (notation: CPI). If a solvable Lie algebra g
admits a CP then it also admits a CPI [22, Theorem 4.1].
1.3 The Poisson algebra S(g) and its center
The symmetric algebra S(g), which we identify with k[x1, . . . , xn], has a natural
Poisson algebra structure, the Poisson bracket of f, g ∈ S(g) given by:
{f, g} =
n∑
i=1
n∑
j=1
[xi, xj ]
∂f
∂xi
∂g
∂xj
In particular, S(g), {, } is a Lie algebra for which g is a Lie subalgebra since for any
two elements x, y ∈ g we have that {x, y} = [x, y]. Also, for all f, g, h ∈ S(g):
{f, gh} = {f, g}h+ g{f, h} (∗)
It now easily follows that the center Y (g) of S(g), {, } is equal to
{f ∈ S(g) | {x, f} = 0 ∀x ∈ g}
and since {x, f} = ad x(f) this clearly coincides with S(g)g, the subalgebra of in-
variant polynomials of S(g).
The Poisson bracket has a unique extension to the quotient field R(g) of S(g) such
that (∗) holds in R(g). It follows that R(g), {, } is a Lie algebra with center R(g)g,
the subfield of rational invariants of R(g). R(g) is called the rational Poisson algebra
[54, p. 311].
If h is a CP of g then R(h) is a maximal Poisson commutative subfield of R(g) [41,
Theorem 14].
1.4 The semi-center Sy(g) of S(g)
Let λ ∈ g∗. We denote by S(g)λ the set of all f ∈ S(g) such that ad x(f) = λ(x)f
for all x ∈ g. Any element f ∈ S(g)λ is said to be a semi-invariant w.r.t. the weight
λ. We call f a proper semi-invariant if λ 6= 0. Clearly, S(g)λS(g)µ ⊂ S(g)λ+µ for all
λ, µ ∈ g∗. Let f, g ∈ S(g). If fg is a nonzero semi-invariant of S(g), then so are f
and g. Note that S(g)0 = Y (g).
The sum of all S(g)λ, λ ∈ g
∗, is direct and it is a nontrivial factorial subalgebra
Sy(g) of S(g) [11], [35], [36]. Clearly Sy(g) is graded by S(g)λ, λ ∈ g
∗. Moreover,
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it is Poisson commutative [47, p. 308].
Any nonzero semi-invariant can be written uniquely as a product of irreducible semi-
invariants.
Proposition 1.2
Suppose h ∈ R(g), h 6= 0. Then h ∈ R(g)g if and only if h can be written as a
quotient of two semi-invariants of the same weight [11].
Assume that g has no proper semi-invariants (as it is if [g, g] = g). Then R(g)g is
the quotient field of S(g)g = Y (g). In particular,
trdegkY (g) = trdegkR(g)
g = i(g)
by Theorem 1.1. Also, g is unimodular (i.e. tr(ad x) = 0 for all x ∈ g) by [14, Thm.
1.11] and its proof.
1.5 The canonical truncation gΛ
The weights of the semi-invariants of S(g) form an additive semi-group Λ(g), which
is not necessarily finitely generated [14, p. 322].
Next, we denote by gΛ the intersection of kerλ, λ ∈ Λ(g). gΛ is a characteristic ideal
of g which contains [g, g]. It is called the canonical truncation of g. In most cases
gΛ has a nicer structure than g.
We now apply the same approach as in [10, pp. 331-334] and [37, pp. 213-214]
in order to obtain the following. In fact (1), (2), (3) do not require for k to be
algebraically closed. See also [5], [23], [25], [50].
Theorem 1.3
1. The centralizer C(Sy(g)) = S(gΛ) and CR(Sy(g)) = R(gΛ)
2. gΛ has no proper semi-invariants and so R(gΛ)
gΛ is the quotient field of Y (gΛ).
Also trdegkY (gΛ) = i(gΛ)
3. S(g)gΛ = Y (gΛ) and R(g)
gΛ = R(gΛ)
gΛ
4. c(gΛ) = c(g) (use [47, Lemma 3.7] and [43, Proposition 3.2])
5. Sy(g) ⊂ Y (gΛ) = Sy(gΛ) and equality occurs if g is almost algebraic or if g is
Frobenius (i.e. i(g) = 0)
6. Suppose h is a CP-ideal of g. Then h ⊂ gΛ [22, p. 141] and Y (gΛ) ⊂ S(h)
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1.6 The fundamental semi-invariant pg
Definition Put t = dim g − i(g), which is the rank of the structure matrix B =
([xi, xj]) ∈ Mn(R(g)), where x1, . . . , xn is an arbitrary basis of g. Assume first that
g is nonabelian. Then the greatest common divisor qg of the t × t minors in B is
a nonzero semi-invariant of S(g) [10, pp. 336-337]. If g is abelian we put qg = 1.
Next, let pg be the greatest common divisor of the Pfaffians of the principal t × t
minors in B. In particular, deg pg ≤ (dim g − i(g))/2. By [47, Lemma 2.1] p
2
g = qg
up to a nonzero scalar multiplier. We call pg the fundamental semi-invariant of S(g)
(instead of qg as we did in [47, p. 309)].
Lemma 1.4 [30, Lemma 2.3] Let g be an algebraic Lie algebra. Then pgΛ divides pg.
1.7 Frobenius Lie algebras
A Lie algebra g is called Frobenius if there is a linear functional ξ ∈ g∗ such that
the alternating bilinear form Bξ(x, y) = ξ([x, y]), x, y ∈ g, is nondegenerate, i.e.
i(g) = 0. In particular, R(g)g = k by Theorem 1.1. Frobenius Lie algebras form a
large class and they appear naturally in different areas. For example many parabolic
and biparabolic (seaweed) subalgebras of semi-simple Lie algebras are Frobenius [7],
[8], [9], [18], [19], [20], [21], [33], [40], [49], including most Borel subalgebras of simple
Lie algebras [22, p. 146]. A Frobenius biparabolic Lie algebra g satisfies interesting
properties. For instance gΛ = [g, g] [30, Proposition 7.6].
We now collect some useful facts on semi-invariants from [10], [40]. Let g be a
Frobenius Lie algebra with basis x1, . . . , xn. Then n is even and g has a triv-
ial center. The Pfaffian Pf([xi, xj ]) ∈ S(g) is homogeneous of degree
1
2
dim g
and (Pf([xi, xj]))
2 = det([xi, xj ]) 6= 0 by 1.1. Hence pg = Pf([xi, xj ]). We put
∆(g) = det([xi, xj]) (which is well determined up to nonzero scalar multipliers).
pg is a semi-invariant with weight τ , where τ(x) = tr(ad x), x ∈ g.
Theorem 1.5 Let g be Frobenius. Decompose pg into a product of irreducible
factors:
pg = v
m1
1 . . . v
mr
r , mi ≥ 1
Then:
(1) v1, . . . , vn are the only (up to nonzero scalars) irreducible semi-invariants of
S(g), say with weights λ1, . . . , λr ∈ Λ(g).
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(2) Sy(g) = k[v1, . . . , vr] = Y (gΛ), a polynomial algebra over k.
(3) r = dim g− dim gΛ = i(gΛ)
(4) λ1, . . . , λr are linearly independent over k. They generate the semi-group Λ(g)
and gΛ = ∩ kerλi, i = 1, . . . , r
(5) hi = kerλi is an ideal of g of index one and Y (hi) = k[vi] and R(hi)
hi = k(vi)
(6) m1λ1 + . . .+mrλr = τ and m1 deg v1 + . . .+mr deg vr = deg pg =
1
2
dim g
(7) (Joseph [30, 2.2]) Suppose in addition that g is algebraic.
Then pgΛ = v
m1−1
1 . . . v
mr−1
r .
1.8 The Frobenius semi-radical F (g)
Put F (g) =
∑
ξ∈g∗reg
g(ξ). This is a characteristic ideal of g containing Z(g) and for
which F (F (g)) = F (g). It can also be characterized as follows: R(g)g ⊂ R(F (g))
and if g is algebraic then F (g) is the smallest Lie subalgebra of g with this property.
Similar results hold in D(g) [42, Proposition 2.4, Theorem 2.5]. Also, F (g) ⊂ gΛ.
As a special case we have the following:
Y (g) ⊂ S(F (g)) (respectively Z(U(g)) ⊂ U(F (g))) and F (g) is the smallest Lie
subalgebra of g with this property in case g is an algebraic Lie algebra without
proper semi-invariants. F (g) played an important role in [56].
F (g) = 0 if and only if g is Frobenius
For this reason F (g) is called the Frobenius semi-radical of g. If g admits a CP h
then F (g) is commutative (since F (g) ⊂ h).
We call g quasi-quadratic if F (g) = g. Such a Lie algebra does not possess any
proper semi-invariant. For example any quadratic Lie algebra is quasi-quadratic.
1.9 Necessary conditions for polynomiality
Theorem 1.6 [47, Theorem 1.1] Let g be a Lie algebra for which the semi-center
Sy(g) is freely generated by homogeneous elements f1, . . . , fr.
Then
r∑
i=1
deg fi ≤ c(g)
Definition. A Lie algebra g is called coregular if Y (g) is a polynomial algebra over k.
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Theorem 1.7 [47, Proposition 1.4]. For an extension see [33, Theorem 2.2].
Assume that g has no proper semi-invariants and that Y (g) is freely generated by
homogeneous elements f1, . . . , fr. Then
r∑
i=1
deg fi = c(g)− deg pg
Corollary 1.8 Assume that g has no proper semi-invariants and that Y (g) is freely
generated by homogeneous elements f1, . . . , fr. Then
3i(g) + 2 deg pg ≤ dim g+ 2dimZ(g)
Moreover, equality occurs if and only if deg fi ≤ 2, i : 1, . . . , r.
1.10 A sufficient condition for polynomiality
Theorem 1.9 [33, 5.7: 51]
Assume that f1, . . . , fr ∈ Y (g), r = i(g), are algebraically independent homogeneous
invariants such that
r∑
i=1
deg fi ≤ c(g))− deg pg
Then, equality holds and Y (g) = k[f1, . . . , fr]. In particular, trdegkY (g) = i(g).
See [43, 45, Theorem 30] for an alternative method.
Next we recall [22, Proposition 4.6]:
Proposition 1.10
Let g be a Lie algebra over k and W a g-module with dim g ≤ dimW . For each
f ∈ W ∗ we put g(f) = {x ∈ g | f(xw) = 0 for all w ∈ W} the stabilizer of f .
Consider the semi-direct product L = g ⊕W in which [x, w] = xw, x ∈ g, w ∈ W ,
and in which W is an abelian ideal. Then the following are equivalent:
(1) g(f) = 0 for some f ∈ W ∗
(2) i(L) = dimW − dim g
(3) W is a commutative polarization of L
(4) R(W ) is a maximal Poission commutative subfield of R(L).
Moreover, if these conditions are satisfied then W is a faithful g-module. Also,
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Y (L) = S(W )g and R(L)L = R(W )g
Proposition 1.11
Let L be a Lie algebra over k having an element u ∈ L such that the centralizer
M = C(u) has codimension one in L. Then F (L) ⊂M .
Proof. First we obtain that i(M) = i(L) + 1 from [22, Proposition 1.9(i]. But
this implies that F (L) ⊂ M by [22, Proposition 1.6(4)]. 
2. Some known positive results about Dixmier’s 4th problem
Theorem 2.1 The following finite dimensional Lie algebras over k satisfy Dixmier’s
4th problem.
(1) Any solvable Lie algebra (Dixmier, [13, 4.4.8]). This remains true if k is
replaced by IR [3].
(2) Any coregular Lie algebra L without proper semi-invariants (Indeed, Y (L) is
polynomial and R(L)L is the quotient field of Y (L) by Proposition 1.2).
(3) Any semi-simple Lie algebra L (This is a special case of (2) as Y (L) is poly-
nomial by a theorem of Chevalley [13, 7.3.8], while L has no proper semi-
invariants as [L, L] = L).
(4) Any Frobenius Lie algebra L (as R(L)L = k) and its truncation LΛ (this is also
a special case of (2) since LΛ has no proper semi-invariants and Y (LΛ) = Sy(L)
by (5) of Theorem 1.3 and Sy(L) is polynomial by (2) of Theorem 1.5).
(5) Any biparabolic subalgebra P [48] and its truncation PΛ [28], [29] of a simple
Lie algebra of type A or C.
(6) Any maximal parabolic subalgebra P of a simple Lie algebra of type B, D or
E6 [26].
(7) Any algebraic Lie algebra L with adjoint group G having an affine slice V ⊂ L∗
for the coadjoint action of L [53].
Such an affine slice exists for the coadjoint action for certain truncated [31],[32]
and non truncated [53] biparabolic subalgebras of a semi-simple Lie algebra.
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(8) Any square integrable Lie algebra L (i.e. i(L) = dimZ(L) and thus F (L) =
Z(L) which implies that R(L)L = R(Z(L)) [42, Corollary 2.6)]. For an exten-
sion of this see [45, Theorem 37].
(9) The semi-direct product L = sl(2)⊕Wm, where Wm is the (m+1)-irreducible
sl(2)-module [45, Proposition 62].
(10) Any Lie algebra L with dimL ≤ 8. [45, 46, Proposition 63]. See also Section 4.
The following is equivalent to [45, Theorem 66]. It shows how Dixmier’s 4th problem
for an algebraic Lie algebra L can be reduced to that of its canonical truncation LΛ.
Theorem 2.2 Let L be algebraic such that the field R(LΛ)
LΛ is freely generated by
some semi-invariants u1, . . . , us of S(L). Then R(L)
L is rational over k.
3. More recent results
The following was provided by Michel Van den Bergh.
Proposition 3.1
Assume A is a polynomial algebra over k with its natural grading
A = k ⊕ A1 ⊕A2 ⊕ . . . and let M = A1 ⊕ A2 ⊕ . . .
be its augmentation ideal.
(1) Let u1, . . . , un be a homogeneous lift of a basis of the vector space M/M
2.
Then u1, . . . , un freely generate A.
(2) Suppose A admits an additional grading (as it is if A is the semi-center of a Lie
algebra). Then with respect to this, u1, . . . , un can be taken to be homogeneous
(apply (1) to a homogeneous basis of M/M2).
Corollary 3.2
Let L be a Lie algebra such that its semi-center Sy(L) is polynomial over k. Then
Sy(L) is freely generated by some semi-invariants u1, . . . , us of S(L).
Theorem 3.3
Let L be an algebraic Lie algebra such that its Poisson semi-center Sy(L) is poly-
nomial over k. Then R(L)L is rational over k.
The converse of this result is not true (see examples L9.10 and L9.11 of Section 4).
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Proof. Since L is algebraic Y (LΛ) = Sy(L) (by (5) of Theorem 1.3), which is
polynomial over k by assumption. So, by the Corollary Y (LΛ) is freely generated
by some semi-invariants of S(L), say u1, . . . , us. Hence u1, . . . , us freely generate the
quotient field of Y (LΛ), which is R(LΛ)
LΛ by (2) of Theorem 1.3. Using Theorem
2.2 we may conclude that R(L)L is rational over k. 
Corollary 3.4
In recent years many (bi)parabolic subalgebras of certain semi-simple Lie algebreas
have been shown to possess a polynomial Poisson semi-center [23],[24],[25],[26],[28],[29],
[57]. By the previous Theorem these (bi)parabolic subalgebras satisfy Dixmier’s 4th
problem.
Remark 3.5 In 2007 Oksana Yakimova [55] discovered a counterexample to the
polynomiality of the Poisson semi-center of a (bi)parabolic subalgebra L, namely
when L is a certain maximal parabolic subalgebra of a simple Lie algebra of type
E8. At the same time this example is also a counterexample to a conjecture by
Premet [55]. Perhaps it is also a counterexample for Dixmier’s 4th problem.
Proposition 3.6
Let L = sl(2)⊕W be the semi-direct product of sl(2) with a sl(2)-module W with
dimW ≥ 3 (= dim sl(2)). Suppose that i(L) = dimW − 3. Then W is a faithful
sl(2)-module and a CP -ideal of L and L satisfies Dixmier’s 4th problem.
Proof. By Proposition 1.10 the first part follows at once and also
R(L)L = R(W )sl(2) = R(W )SL(2)
where the latter is rational over k by a result of Katsylo [34]. See also [4]. 
Proposition 3.7 Assume L = L1 ⊕ L2 is a direct product. Let λ ∈ L
∗ and put
λ1 = λ |L1∈ L
∗
1 and λ2 = λ |L2∈ L
∗
2. Then
(1) S(L)λ = S(L1)λ1S(L2)λ2
(3) Y (L) = Y (L1)Y (L2)
(3) Sy(L) = Sy(L1)Sy(L2)
10
Proof. (1) The inclusion ⊃ is easy to verify. On the other hand take a nonzero
u ∈ S(L)λ. Let x1, . . . , xr, y1, . . . , ys be a basis of L such that x1, . . . , xr (respectively
y1, . . . , ys) is a basis of L1 (resp. of L2).
For m = (m1, . . . , mr) and n = (n1, . . . , ns) we denote x
m = xm11 . . . x
mr
r and y
n =
yn11 . . . y
ns
s .
Then u has the following unique decomposition:
u =
∑
m,n
amnx
myn =
∑
n
pny
n where pn =
∑
m amnx
m ∈ S(L1)
for some amn ∈ k. Next take any x ∈ L1. Then {x, u} = λ(x)u = λ1(x)u. Since
{x, yn} = 0 we get∑
n
{x, pn}y
n = {x, u} = λ1(x)u =
∑
n
(λ1(x)pn)y
n
for all n. Therefore {x, pn} = λ1(x)pn for all x ∈ L1 and so pn ∈ S(L1)λ1 for all n.
Let u1 = pn1 , . . . , ut = pnt be a k-basis of the vector space over k generated by all pn’s.
Then u =
∑
n
pny
n can be written as u =
t∑
i=1
uivi for some vi ∈ k[y1, . . . , ys] = S(L2).
Claim. u1, . . . , ut are also linearly independent over k[y1, . . . , ys].
Indeed, suppose
t∑
i=1
uiwi = 0 for some wi ∈ k[y1, . . . , ys].
Now take any a1, . . . , as ∈ k. Then
t∑
i=1
uiwi(a1, . . . , as) = 0
Since u1, . . . , ut are linearly independent over k and wi(a1, . . . , as) ∈ k it follows
that wi(a1, . . . , as) = 0 for all a1, . . . , as ∈ k. Hence wi = 0 for all i, establishing the
claim.
Next take any y ∈ L2. Then {y, u} = λ(y)u = λ2(y)u. As {y, ui} = 0, we get
t∑
i=1
ui{y, vi} = {y, u} = λ2(y)u =
t∑
i=1
ui(λ2(y)vi)
By the claim we may conclude that for all i = 1, . . . , t {y, vi} = λ2(y)vi, i.e.
vi ∈ S(L2)λ2 .
Finally, u =
t∑
i=1
uivi ∈ S(L1)λ1S(L2)λ2 .
(2) (take λ = 0) and (3) follow easily from (1). 
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Corollary 3.8.
Assume that L = L1 ⊕ L2 is a direct product and that R(L1)
L1 and R(L2)
L2 are
both rational over k. Then the same holds for R(L)L.
Proof.
(1) First we show that R(L)L is the field generated by R(L1)
L1 and R(L2)
L2.
It is clear that R(L)L contains R(L1)
L1 and R(L2)
L2 . Now take a nonzero
z ∈ R(L)L. Then by Proposition 1.2 z = uv−1 where u, v ∈ S(L)λ\{0} for
some weight λ ∈ L∗. From (1) of the previous Proposition we have S(L)λ =
S(L1)λ1S(L2)λ2 where λ1 = λ |L1 and λ2 = λ |L2. Hence,
u =
∑
i
uipi where ui ∈ S(L1)λ1 , pi ∈ S(L2)λ2 are nonzero
Similarly,
v =
∑
j
vjqj where vj ∈ S(L1)λ1 , qj ∈ S(L2)λ2 are nonzero
z = uv−1 =
(∑
i
uipi
)(∑
j
vjqj
)
−1
=
∑
i

uipi
(∑
j
vjqj
)
−1


=
∑
i
[
u−1i p
−1
i
(∑
j
vjqj
)]
−1
=
∑
i
[∑
j
(
u−1i vj
) (
p−1i qj
)]−1
where u−1i vj ∈ R(L1)
L1 and p−1i qj ∈ R(L2)
L2 by Proposition 1.2.
(2) Choose a basis x1, . . . , xm, xm+1, . . . , xn of L such that x1, . . . , xm is a basis of
L1 and xm+1, . . . , xn is a basis of L2.
By assumption, there are z1, . . . , zr; zr+1, . . . , zs such that both R(L1)
L1 =
k(z1, . . . , zr) and R(L2)
L2 = k(zr+1, . . . , zs) are purely transcendental exten-
sion of k. Using (1) we have that
R(L)L = k(z1, . . . , zr, zr+1, . . . , zs)
So, it remains to show that z1, . . . , zr, zr+1, . . . , zs are algebraically indepen-
dent over k, which is equivalent with rank(J) = s, where
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J =
(
∂zj
∂xi
)
, i = 1, . . . , n; j = 1, . . . , s, the Jacobian matrix.
It is easy to see that
J =
(
J1 O
O J2
)
where
J1 =
(
∂zj
∂xi
)
, i = 1, . . . , m; j = 1, . . . , r
J2 =
(
∂zj
∂xi
)
, i = m+ 1, . . . , n; j = r + 1, . . . , s
Then rank(J) = rank(J1) + rank(J2) = r + (s− r) = s. 
4. Dixmier’s 4th problem for Lie algebras of dimension at
most 9
First we recall [46, Theorem 53]
Theorem 4.1 Let L be a nonsolvable, indecomposable Lie algebra with dimL ≤ 8.
Then
(1) Y (L) and Sy(L) are polynomial over k
(2) R(L)L is rational over k
Remark 4.2 The following example shows that the condition that L is indecom-
posable cannot be removed for part (1) (which we erroneously did in [45, Theorem
53]. This has been corrected in [46]).
Example 4.3 Consider the direct product L = L1 ⊕ L2, where L1 = sl(2) with
basis h, x, y with nonzero brackets
[h, x] = 2x, [h, y] = −2y, [x, y] = h
L1 is coregular as Y (L1) = k[c] where c = h
2 + 4xy, the Casimir element of L1.
L2 is the solvable Lie algebra with basis x1, x2, x3, x4 and nonzero brackets
[x1, x2] = x2, [x1, x3] = x3, [x1, x4] = −2x4
Then L2 is not coregular [45, Example 23].
In fact, Y (L2) = k[f1, f2, f3] where
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f1 = x
2
2x4, f2 = x
2
3x4, f3 = x2x3x4 with f1f2 = f
2
3
Clearly, L is a 7-dimensional nonsolvable Lie algebra. However it is not coregular
since
Y (L) = Y (L1)Y (L2) = k[c, f1, f2, f3]
which is not polynomial. 
Corollary 4.4
Let L be a Lie algebra with dimL ≤ 8. Then R(L)L is rational over k.
Proof.
In view of Corollary 3.8 we may assume that L is indecomposable. Then R(L)L is
rational over k:
• by (1) of Theorem 2.1 if L is solvable
• by (2) of Theorem 4.1 if L is nonsolvable.

The following can be derived from [45, Lemma 64] and its proof.
Lemma 4.5
Let L be an algebraic Lie algebra with radical R1. Then there exists a torus T ⊂ R1
such that L = LΛ ⊕ T with [S, T ] = 0 for a certain Levi subalgebra S of L.
Theorem 4.6
Let L be a 9-dimensional algebraic Lie algebra. Then L satisfies Dixmier’s 4th prob-
lem.
Proof. We may assume that L is indecomposable (by Corollary 3.8) and non-
solvable (by (1) of Theorem 2.1). We distinguish two cases:
(1) Lλ 6= L
In particular dimLΛ ≤ 8. Since L is algebraic so is LΛ [10, Proposition 1.14] and
Y (LΛ) = Sy(L) by (5) of Theorem 1.3. Because of Theorem 3.3 it suffices to show
that Y (LΛ) is polynomial. Let R1 be the radical of L. Invoking Lemma 4.5 there
exists a torus T ⊂ R1 such that L = LΛ ⊕ T with [S, T ] = 0 for a certain Levi
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subalgebra S of L. Then S = [S, S] ⊂ [L, L] ⊂ LΛ. From [6, Corollaire 4 p.91], as
LΛ is an ideal of L, we know that R = R1 ∩LΛ is the radical of LΛ and S = S ∩LΛ
is a Levi subalgebra of LΛ In particular,
LΛ = S ⊕R
Claim: [S,R] 6= 0 and S = sl(2)
Suppose [S,R] = 0. Consider L = LΛ⊕T = S⊕ (R⊕T ) where R⊕T is the radical
R1 of L. Notice that
[S,R⊕ T ] = [S,R] + [S, T ] = 0
Hence L would be decomposable. Contradiction. [S,R] 6= 0 forces R 6= 0, i.e. LΛ is
not semi-simple. In particular, S 6= sl(3) (otherwise LΛ = sl(3) as dim sl(3) = 8).
Now, suppose S = S1 ⊕ S2 is a direct product of 2 copies of sl(2). In particular,
dimS = 6. [S,R] 6= 0 implies that dimR = 2 and
ϕ : S → EndR, x 7→ adx |R
is a nonzero Lie algebra homomorphism, which is not injective (since dimS = 6 >
4 = dimEndR).
Consequently, kerϕ is a nontrivial ideal of S, say S1, and so [S1, R] = 0, while
[S2, R] 6= 0. Hence, [S1, S2 ⊕ R ⊕ T ] = 0 which means that L = S1 ⊕ (S2 ⊕ R ⊕ T )
is decomposable. Contradiction.
Therefore S = sl(2), settling the claim. We may conclude that LΛ is a member
of the list of [2], which we used in order to prove that all algebraic Lie algebras of
dimension at most 8, satisfy the Gelfand-Kirillov conjecture [27]. As a consequence
LΛ is either indecomposable and nonsolvable (and thus coregular by Theorem 4.1)
or it is a direct product LΛ =M ⊕N , where M is indecomposable and nonsolvable
(and thus coregular) and N is solvable of one of the following types:
(i) N is abelian with dimN ≤ 3
(ii) N is the 2-dimensional nonabelian Lie algebra
(iii) N is the 3-dimensional Heisenberg Lie algebra
(iv) N is the 3-dimensional Lie algebra with basis x, y, z with brackets:
[x, y] = y, [x, z] = αz with α ∈ Q
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For each of the above N is coregular, i.e. Y (N) is polynomial. Hence the same is
true of Y (LΛ) = Y (M)Y (N).
(2) LΛ = L
We will proceed case by case using the classification of the 9-dimensional nonsolv-
able Lie algebras provided to us by Boris Komrakov. From this list we select all
algebraic, indecomposable Lie algebras L for which LΛ = L (i.e. L has no proper
semi-invariants). In doing so, there are only 11 cases that remain to be examined.
Notation: x1, x2, x3, x4, . . . , x9 will be a basis of L such that x1, x2, x3 is the stan-
dard basis of sl(2) (i.e. [x1, x2] = 2x2, [x1, x3] = −2x3 and [x2, x3] = x1) and
x4, . . . , x9 is a basis of the radical W of L.
For each L the structure matrix M = ([xi, xj]) of L will be given explicitly.
We now distinguish two subcases.
(2a) L is coregular
In this situation we have at once that R(L)L is rational over k by (2) of Theorem
2.1 since L has no proper semi-invariants.
In each of the following cases our approach is more or less the same. For this reason
we will only give the explicit description of the solution for the first Lie algebra.
The following 3 Lie algebras are the only ones in our list for which [L, L] 6= L.
(1) L9,1
M :=


0 2x2 −2x3 0 0 x6 −x7 0 0
−2x2 0 x1 0 0 0 x6 0 0
2x3 −x1 0 0 0 x7 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 x4
−x6 0 −x7 0 0 0 x4 0 0
x7 −x6 0 0 0 −x4 0 0 0
0 0 0 0 0 0 0 0 x5
0 0 0 0 −x4 0 0 −x5 0


i(L) = dimL− rank(M) = 9− 6 = 3 (see 1.1).
c(L) = (dimL+ i(L))/2 = 6. Using MAPLE we get pL = 1.
Next we want to determine F (L). Take ξ = x∗1 + x
∗
4 ∈ L
∗. Then L(ξ) = 〈x1, x4, x8〉.
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Clearly dimL(ξ) = 3 = i(L) and so ξ ∈ L∗reg. Therefore 〈x1, x4, x8〉 = L(ξ) ⊂ F (L).
Since F (L) is an ideal of L (1.8) we obtain:
〈x2, x3, x6, x7〉 = [L, x1] ⊂ F (L), 〈x5〉 = [L, x8] ⊂ F (L)
Hence 〈x1, . . . , x8〉 ⊂ F (L). On the other hand, the centralizer C(x8) = 〈x1, . . . , x8〉
is of codimension one in L which implies that F (L) ⊂ C(x8) by Proposition 1.11
and therefore F (L) = 〈x1, . . . , x8〉, which is not commutative and so L does not
contain any CP’s (1.8).
Moreover, 〈x1, . . . , x8〉 = F (L) ⊂ LΛ (1.8). Also x9 ∈ LΛ since adx9 is nilpotent (in
fact (adx9)
3 = 0).
Consequently, LΛ = L.
Next, using MAPLE, we’ obtain the following 3(= i(L)) homogeneous, algebraically
independent (over k) elements of Y (L):
x4, f = 2x4x8 − x
2
5 and
g = x21x4 + 2x1x6x7 + 4x2x3x4 + 2x2x
2
7 − 2x3x
2
6
Now we observe that:
deg x4 + deg f + deg g = 6 = c(L)− deg pL
Invoking Theorem 1.9 we may conclude that:
Y (L) = k[x4, f, g] which is polynomial over k
and R(L)L = k(x4, f, g) which is rational over k.
(2) L9,2
M :=


0 2x2 −2x3 0 x5 −x6 0 0 0
−2x2 0 x1 0 0 x5 0 0 0
2x3 −x1 0 0 x6 0 0 0 0
0 0 0 0 0 0 0 0 0
−x5 0 −x6 0 0 x4 0 0 0
x6 −x5 0 0 −x4 0 0 0 0
0 0 0 0 0 0 0 x4 −x7
0 0 0 0 0 0 −x4 0 x8
0 0 0 0 0 0 x7 −x8 0


i(L) = 3, c(L) = 6, pL = 1, F (L) = L (so L is quasi quadratic, with no CP’s). This
implies that LΛ = L.
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Y (L) = k[x4, f, g] which is polynomial over k, where f = x4x9 + x7x8,
g = x21x4 + 2x1x5x6 + 4x2x3x4 + 2x2x
2
6 − 2x3x
2
5
R(L)L = k(x4, f, g) which is rational over k.
(3) L9,3
M :=


0 2x2 −2x3 0 x5 −x6 x7 −x8 0
−2x2 0 x1 0 0 x5 0 x7 0
2x3 −x1 0 0 x6 0 x8 0 0
0 0 0 0 0 0 0 0 0
−x5 0 −x6 0 0 0 0 0 0
x6 −x5 0 0 0 0 0 0 0
−x7 0 −x8 0 0 0 0 x4 x5
x8 −x7 0 0 0 0 −x4 0 x6
0 0 0 0 0 0 −x5 −x6 0


i(L) = 3, c(L) = 6, pL = 1, F (L) = L (so L is quasi quadratic with no CP’s),
[L, L] = L, LΛ = L.
Y (L) = k[x4, f, g] which is polynomial over k, where
f = x4x9 − x5x8 + x6x7 and
g = 2x1x5x6 + 2x2x
2
6 − 2x3x
2
5 + x4x
2
9 − 2x5x8x9 + 2x6x7x9
R(L)L = k(x4, f, g), which is rational over k.
(4) L9,4
M :=


0 2x2 −2x3 0 2x5 0 −2x7 x8 −x9
−2x2 0 x1 0 0 2x5 x6 0 x8
2x3 −x1 0 0 x6 2x7 0 x9 0
0 0 0 0 0 0 0 0 0
−2x5 0 −x6 0 0 0 0 0 0
0 −2x5 −2x7 0 0 0 0 0 0
2x7 −x6 0 0 0 0 0 0 0
−x8 0 −x9 0 0 0 0 0 x4
x9 −x8 0 0 0 0 0 −x4 0


i(L) = 3, c(L) = 6, pL = 1, F (L) = L (so L is quasi quadratic with no CP’s),
[L, L] = L, Lλ = L,
Y (L) = k[x4, f, g] which is polynomial over k, where f = 4x5x7 − x
2
6,
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g = x1x4x6 + 2x2x4x7 − 2x3x4x5 − x5x
2
9 + x6x8x9 − x7x
2
8
R(L)L = k(x4, f, g) which is rational over k.
(5) L9,5
M :=


0 2x2 −2x3 x4 −x5 x6 −x7 0 0
−2x2 0 x1 0 x4 0 x6 0 0
2x3 −x1 0 x5 0 x7 0 0 0
−x4 0 −x5 0 x8 0 0 0 0
x5 −x4 0 −x8 0 0 0 0 0
−x6 0 −x7 0 0 0 x9 0 0
x7 −x6 0 0 0 −x9 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


i(L) = 3, c(L) = 6, pL = 1, F (L) = L (so L is quadi quadratic with no CP’s,
[L, L] = L, LΛ = L,
Y (L) = k[x8, x9, f ], which is polynomial over k, where
f = 2x1x4x5x9 + 2x1x6x7x8 + x
2
1x8x9 + 4x2x3x8x9 + 2x2x
2
7x8 + 2x2x
2
5x9 − 2x3x
2
4x9 −
2x3x
2
6x8 + 2x4x5x6x7 − x
2
4x
2
7 − x
2
5x
2
6
R(L)L = k(x8, x9, f) which is rational over k.
(6) L9,6
M :=


0 2x2 −2x3 0 0 x6 −x7 x8 −x9
−2x2 0 x1 0 0 0 x6 0 x8
2x3 −x1 0 0 0 x7 0 x9 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
−x6 0 −x7 0 0 0 0 0 x4
x7 −x6 0 0 0 0 0 −x4 0
−x8 0 −x9 0 0 0 x4 0 x5
x9 −x8 0 0 0 −x4 0 −x5 0


i(L) = 3, c(L) = 6, pL = 1, F (L) = L (so L is quasi quadratic with no CP’s),
[L, L] = L, LΛ = L,
Y (L) = k[x4, x5, f ], which is polynomial over k, where
f = x21x
2
4 + 2x1x4x6x9 + 2x1x4x7x8 − 2x1x5x6x7 + 4x2x4x7x9 − 2x2x5x
2
7 +4x2x3x
2
4 −
19
4x3x4x6x8 + 2x3x5x
2
6 + x
2
6x
2
9 − 2x6x7x8x9 + x
2
7x
2
8
R(L)L = k(x4, x5, f) which is rational over k.
(7) L9,7
M :=


0 2x2 −2x3 2x4 0 −2x6 2x7 0 −2x9
−2x2 0 x1 0 x4 2x5 0 2x7 x8
2x3 −x1 0 2x5 x6 0 x8 2x9 0
−2x4 0 −2x5 0 0 0 0 0 0
0 −x4 −x6 0 0 0 0 0 0
2x6 −2x5 0 0 0 0 0 0 0
−2x7 0 −x8 0 0 0 0 x4 x5
0 −2x7 −2x9 0 0 0 −x4 0 x6
2x9 −x8 0 0 0 0 −x5 −x6 0


i(L) = 3, c(L) = 6, pL = 1, F (L) = L (so L is quasi quadratic with no CP’s),
[L, L] = L, Lλ = L,
Y (L) = k[f, g, h], which is polynomial over k, where
f = x4x6 − x
2
5, g = x4x9 − x5x8 + x6x7
h = 2x1x5 + 2x2x6 − 2x3x4 + 4x7x9 − x
2
8
R(L)L = k(f, g, h), which is rational over k.
In the following the radical W of L will be commutative and we denote by Wm
the standard (m+ 1)-dimensional irreducible sl(2)-module.
(8) L9,8 = sl(2)⊕W with W = W1 ⊕W1 ⊕W1
M :=


0 2x2 −2x3 x4 −x5 x6 −x7 x8 −x9
−2x2 0 x1 0 x4 0 x6 0 x8
2x3 −x1 0 x5 0 x7 0 x9 0
−x4 0 −x5 0 0 0 0 0 0
x5 −x4 0 0 0 0 0 0 0
−x6 0 −x7 0 0 0 0 0 0
x7 −x6 0 0 0 0 0 0 0
−x8 0 −x9 0 0 0 0 0 0
x9 −x8 0 0 0 0 0 0 0


i(L) = 3 (= dimW − dim sl(2), so Proposition 1.10 is applicable. In particular, W
is CPI).
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c(L) = 6, pL = 1, F (L) = W , [L, L] = L, LΛ = L.
Y (L) = k[f, g, h], which is polynomial over k, where
f = x4x7 − x5x6, g = x4x9 − x5x8, h = x6x9 − x7x8
R(L)L = k(f, g, h), which is rational over k.
(9) L9,9 = sl(2)⊕W with W = W2 ⊕W2
This is the smallest counterexample to the Gelfand Kirillov conjecture [1,2]. See
also [45, Example 60].
M :=


0 2x2 −2x3 2x4 0 −2x6 2x7 0 −2x9
−2x2 0 x1 0 2x4 x5 0 2x7 x8
2x3 −x1 0 x5 2x6 0 x8 2x9 0
−2x4 0 −x5 0 0 0 0 0 0
0 −2x4 −2x6 0 0 0 0 0 0
2x6 −x5 0 0 0 0 0 0 0
−2x7 0 −x8 0 0 0 0 0 0
0 −2x7 −2x9 0 0 0 0 0 0
2x9 −x8 0 0 0 0 0 0 0


i(L) = 3 (= dimW − dim sl(2), so by Proposition 1.10 W is a CPI), c(L) = 6,
pL = 1, F (L) = W , [L, L] = L, LΛ = L.
Y (L) = k[f, g, h], which is polynomial over k, where
f = 4x4x6 − x
2
5, g = 4x7x9 − x
2
8, h = 2x4x9 + 2x6x7 − x5x8
R(L)L = k(f, g, h), which is rational over k.
(2b) L is not coregular
(10) L9,10 = sl(2)⊕W with W = W3 ⊕W1
M :=


0 2x2 −2x3 3x4 x5 −x6 −3x7 x8 −x9
−2x2 0 x1 0 3x4 2x5 x6 0 x8
2x3 −x1 0 x5 2x6 3x7 0 x9 0
−3x4 0 −x5 0 0 0 0 0 0
−x5 −3x4 −2x6 0 0 0 0 0 0
x6 −2x5 −3x7 0 0 0 0 0 0
3x7 −x6 0 0 0 0 0 0 0
−x8 0 −x9 0 0 0 0 0 0
x9 −x8 0 0 0 0 0 0 0


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i(L) = 3, c(L) = 6, pL = 1, F (L) = W , [L, L] = L, LΛ = L.
Clearly i(L) = dimW − 3 and so by Proposition 3.6 W is a CP-ideal of L and L
satisfies Dixmier’s 4th problem.
Let us now demonstrate that L is not coregular. Suppose on the contrary that Y (L)
is freely generated by some homogeneous f1, f2, f3. Note that we have the following
equality:
3i(L) + 2 deg pL = 9 = dimL+ 2dimZ(L)
(deg pL = 0 and dimZ(L) = 0). This implies that deg fi ≤ 2, i = 1, 2, 3 by Corollary
1.8. However using MAPLE, it is easy to see that there are no such invariants. In
fact 4 is the smallest degree of a nontrivial invariant. Contradiction.
(11) L9,11 = sl(2)⊕W5
M :=


0 2x2 −2x3 5x4 3x5 x6 −x7 −3x8 −5x9
−2x2 0 x1 0 5x4 4x5 3x6 2x7 x8
2x3 −x1 0 x5 2x6 3x7 4x8 5x9 0
−5x4 0 −x5 0 0 0 0 0 0
−3x5 −5x4 −2x6 0 0 0 0 0 0
−x6 −4x5 −3x7 0 0 0 0 0 0
x7 −3x6 −4x8 0 0 0 0 0 0
3x8 −2x7 −5x9 0 0 0 0 0 0
5x9 −x8 0 0 0 0 0 0 0


i(L) = 3, c(L) = 6, pL = 1, F (L) = W5, W5 is a CPI, [L, L] = L, LΛ = L.
L satisfies Dixmier’s 4th problem by (9) of Theorem 2.1 (or by Proposition 3.6
because i(L) = dimW5 − 3). The fact that L9,11 is not coregular can be shown in
the same fashion as L9,10. Moreover,
Y (L9,11) = S(W5)
sl(2) = S(W5)
SL(2) by Proposition 1.10
Now suppose k = C. Then W5 may be considered as the vector space of binary
forms of degree 5 with complex coefficients (the quintics) on which SL(2,C) acts.
The algebra of invariants C[W5]
SL(2,C) which is isomorphic to S(W5)
sl(2,C), has been
studied already in the 19th century by Sylvester, among others. At first 3 alge-
braically independent invariants I4, I8, I12 were found of degrees 4, 8, 12. In 1854
Hermite discovered an invariant I18 of degree 18 and he showed that
C[W5]
SL(2,C) = C[I4, I8, I12, I18]
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with the following relation:
16I218 = I4I
4
8 + 8I
3
8I12 − 2I
2
4I
2
8I12 − 72I4I8I
2
12 − 432I
3
12 + I
3
4I
2
12
In particular, C[W5]
SL(2,C) is not polynomial.
The explicit forms of I4, I8, I12, I18 were given in papers by Cayley. I18 has 848
monomials with very large coefficients ! See [12, p.41]. 
Remark 4.7 In higher dimensions Dixmier’s 4th problem will become more chal-
lenging. For instance, it may occur that for certain Lie algebras the problem is
precisely equivalent to the rationality problem in invariant theory, which is still open.
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